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Abstract. In this paper, we introduce and investigate a general transformation or
change of Finsler metrics, which is referred to as a generalized β-conformal change:
L(x, y) −→ L(x, y) = f(eσ(x)L(x, y), β(x, y)).
This transformation combines both β-change and conformal change in a general set-
ting. The change, under this transformation, of the fundamental Finsler connections,
together with their associated geometric objects, are obtained. Some invariants and
various special Finsler spaces are investigated under this change. The most important
changes of Finsler metrics existing in the literature are deduced from the generalized
β-conformal change as special cases.
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Introduction
In the context of Riemannian geometry, there is not only a complete local the-
ory, but also a complete global theory, with many practitioners working on both
approaches. In this sense, Riemannian geometry is indeed a complete theory. How-
ever, the situation in Finsler geometry is substantially different. Finsler geometry
was first introduced locally by Finsler himself, to be studied by many eminent math-
ematicians for its theoretical importance and applications in the variational calculus,
mechanics and theoretical physics. Moreover, the dependence of the fundamental
function L(x, y) on both the positional argument x and directional argument y offers
the possibility to use it to describe the anisotropic properties of the physical space.
Let F n = (M,L) be an n-dimensional Finsler manifold. For a differential one-
form β(x, dx) = bi(x)dx
i on M , G. Randers [12], in 1941, introduced a special Finsler
space defined by the change L = L+ β, where L is Riemannian, to consider a unified
field theory.1 M. Masumoto [10], in 1974, studied Randers space and generalized
Randers space in which L is Finslerian. V. Kropina [8] introduced the change L =
L2/β, where L is Reimannian, which has been studied by many authors such as
Shibata [13] and Matsumoto [9]. Randers and Kropina spaces are closely related to
physics and so Finsler spaces with these metrics have been studied by many authors,
from various standpoint in the physical and mathematical aspects ([3], [4], [11], [15],
[16], [17]). It was also applied to the theory of the electron microscope by R. S.
Ingarden [6]. For a Kropina space (the Finsler space equipped with Kropinas metric),
there are close relations between the Kropina metric and the Lagrangian function of
analytic dynamics [13]. In 1984, C. Shibata [14] studied the general case of any β-
change, that is, L = f(L, β) which generalizes many changes in Finsler geometry ([8],
[10], [19]). In this context, he investigated the change of torsion and curvature tensors
corresponding to the above transformation. In addition, he also studied some special
Finsler spaces corresponding to specific forms of the function f(L, β).
On the other hand, in 1976, M. Hashiguchi [5] studied the conformal change
of Finsler metrics, namely, L = eσ(x)L. In particular, he also dealt with the special
conformal transformation named C-conformal. This change has been studied by many
authors ([7], [18]). In 2008, S. Abed ([1], [2]) introduced the transformation L =
eσ(x)L+β, thus generalizing the conformal, Randers and generalized Randers changes.
Moreover, he established the relationships between some important tensors associated
with (M,L) and the corresponding tensors associated with (M,L). He also studied
some invariant and σ-invariant properties and obtained a relationship between the
Cartan connection associated with (M,L) and the transformed Cartan connection
associated with (M,L).
In this paper, we deal with a general change of Finsler metrics defined by:
L(x, y) −→ L(x, y) = f(eσ(x)L(x, y), β(x, y)) = f(L˜, β),
1In 1941, G. Randers published his paper “On an asymmetrical metric in the four-space of general
relativity”. In this paper, Randers considered the simplest possible asymmetrical generalization of
a Riemannian metric. Adding a 1-form to the existing Riemannian struture, he was the first to
introduce a special Finsler space. This space - which became known in the literature as a Randers
space - proved to be mathematically and physically very important. It was one of the first attempts
to study a physical theory in the wider context of Finsler geometry, although Randers was not aware
that the geometry he used was a special type of Finsler geometry.
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where f is a positively homogeneous function of degree one in L˜ := eσL and β. This
change will be referred to as a generalized β-conformal change. It is clear that this
change is a generalization of the above mentioned changes and deals simultaneously
with β-change and conformal change. It combines also the special case of Shibata
(L = f(L, β)) and that of Abed (L = eσL+ β).
The present paper is organized as follows. In section 1, the relationship between
the Cartan connection associated with (M,L) and the transformed Cartan connec-
tion associated with (M,L) is obtained (Theorem 1.12 ). The properties that σ being
homothetic, bi being Cartan-parallel and the difference tensor being zero are inves-
tigated (Theorems 1.14, 1.15 and 1.16). The coefficients of the fundamental linear
connections of Finsler geometry are computed (Theorem 1.18).
In section 2, the torsion and curvature tensor fields of the fundamental linear
connections, corresponding to a generalized β-conformal change, are obtained (The-
orem 2.1). Some invariants are found (Corollary 2.2) and some properties concerning
certain special Finsler spaces are investigated (Theorems 2.3, 2.5 and 2.6).
Finally, in section 3, many interesting changes of Finsler metrics are obtained as
special cases form the present change.
Notations
Throughout the present paper, (M,L) denotes an n-dimensional C∞ Finsler man-
ifold; L being the fundamental Finsler function. Let (xi) be the coordinates of any
point of the base manifold M and (yi) a supporting element at the same point. We
use the following notations:
∂i: partial differentiation with respect to x
i,
∂˙i: partial differentiation with respect to y
i (basis vector fields of the vertical bundle),
gij :=
1
2
∂˙i∂˙jL
2 = ∂˙i∂˙jE: the Finsler metric tensor; E :=
1
2
L2: the energy function,
li := ∂˙iL = gijl
j = gij
yj
L
: the normalized supporting element; li := y
i
L
,
lij := ∂˙ilj ,
hij := Llij = gij − lilj : the angular metric tensor,
Cijk :=
1
2
∂˙kgij =
1
4
∂˙i∂˙j ∂˙kL
2: the Cartan tensor,
Gi: the components of the canonical spray associated with (M,L),
N ij := ∂˙jG
i: the Barthel or Cartan nonlinear connection associated with (M,L),
Gijh := ∂˙hN
i
j = ∂˙h∂˙jG
i,
δi := ∂i −N
r
i ∂˙r: the basis vector fields of the horizontal bundle,
C ijk := g
riCrjk =
1
2
gir∂˙kgrj: the h(hv)-torsion tensor,
γijk :=
1
2
gir(∂jgkr + ∂kgjr − ∂rgjk): the Christoffel symbols with respect to ∂i,
Γijk :=
1
2
gir(δjgkr + δkgjr − δrgjk): the Christoffel symbols with respect to δi,
= γijk + g
it(CjkrN
r
t − CtkrN
r
j − CjtrN
r
k).
We have:
- The canonical spray G: Gh = 1
2
γhijy
iyj.
- The Barthel connection N: N ij = ∂˙jG
i = Gijhy
h = Γijhy
h.
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- The Cartan connection CΓ: (Γijk, N
i
j , C
i
jk).
- The Chern (Rund) connection RΓ: (Γijk, N
i
j , 0).
- The Hashiguchi connection HΓ: (Gijk, N
i
j , C
i
jk).
- The Berwald connection BΓ: (Gijk, N
i
j , 0).
For a Finsler connection (Γijk, N
i
j , C
i
jk), we define:
X ij|k := δkX
i
j +X
r
jΓ
i
rk −X
i
rΓ
r
jk: the horizontal covariant derivative of X
i
j,
X ij|k := ∂˙kX
i
j +X
r
jC
i
rk −X
i
rC
r
jk: the vertical covariant derivative of X
i
j.
Transvecting with yj will be denoted by the subscript 0 (excluding p0, q0, s0). For
example, we write Bij0 for B
i
jky
k.
Finally, the following special symbols will also be used:
- Θ(j,k,r){Ajkr} := Ajkr −Akrj − Arjk.
- A(j,k){Ajk} := Ajk − Akj: the alternative sum with respect to the indices j and k.
1. Changes of connections
Let F n = (M,L) be an n-dimensional C∞ Finsler manifold with fundamental
function L = L(x, y). Consider the following change of Finsler structures which will
be referred to as a generalized β-conformal change:
L(x, y) −→ L(x, y) = f(eσ(x)L(x, y), β(x, y)), (1.1)
where f is a positively homogeneous function of degree one in eσL and β and
β = bi(x)dx
i. Assume that F
n
= (M,L) has the structure of a Finsler space. Entities
related to F
n
will be denoted by barred symbols.
We define
f1 :=
∂f
∂L˜
, f2 :=
∂f
∂β
, f12 :=
∂2f
∂L˜∂β
, · · · , etc.,
where L˜ = eσL. We use the following notations:
q := ff2, p := ff1/L,
q0 := ff22, p0 := f
2
2 + q0,
q−1 := ff12/L, p−1 := q−1 + pf2/f,
q−2 := f(e
σf11 − f1/L)/L
2, p−2 := q−2 + e
σp2/f 2.
Note that the subscript under the the above geometric objects indicates the degree
of homogeneity of these objects. We also use the notations:
bi = gijbj , mi := bi − (β/L
2)yi 6= 0, σi := ∂iσ, p02 :=
∂p0
∂β
.
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The following lemmas enable us to compute the geometric objects associated with
the space F
n
obtained from F n by a generalized β-conformal change. They can be
proved by making use of Euler theorem of homogenous functions and the homogeneity
properties of p, p0, p−1, p−2; q, q0, q−1, q−2.
Lemma 1.1. The following identities hold:
(a) eσLf1 + βf2 = f,
(b) eσLf12 + βf22 = 0,
(c) eσLf11 + βf12 = 0.
Lemma 1.2. The following identities hold:
(a) q0β + e
σq−1L
2 = 0,
(b) q−1β + q−2L
2 = −p,
(c) p0β + e
σp−1L
2 = q,
(d) p−1β + p−2L
2 = 0,
(e) qβ + eσpL2 = f 2.
Lemma 1.3. The following identities hold:
(a) ∂˙iq = p0mi + q/Lli,
(b) ∂˙ip = p−1mi,
(c) ∂˙ip0 = p02mi,
(d) ∂˙ip−1 = −e
−σ(β/L2)p02mi − (p−1/L)li,
(e) ∂˙ip−2 = [e
−σ(β2/L4)p02 − (p−1/L
2)]mi + p−1(2β/L
3)li.
Lemma 1.4. The following identities hold:
(a) ∂kq = p0N
r
kmr + qN
r
k lr/L+ p0b0|k + e
σL2p−1σk,
(b) ∂kp = p−1N
r
kmr + p−1b0|k + (p− βp−1)σk,
(c) ∂kp0 = p02(N
r
kmr + b0|k − βσk),
(d) ∂kp−1 = −(p−1/L)N
r
k lr − e
−σ(β/L2)(p02N
r
kmr + p02b0|k) + e
−σ(β2/L2)p02σk,
(e) ∂kp−2 = [e
−σ(β2/L4)p02 − (p−1/L
2)]N rkmr + (2βp−1/L
3)N rk lr
+ [e−σ(β2/L4)p02 − (p−1/L
2)]b0|k − e
−σ(β3/L4)p02 σk.
Now, using Lemma 1.1, we get
Proposition 1.5. Under a generalized β-conformal change, we have:
(a) li = e
σf1li + f2bi,
(b) hij = e
σp hij + q0mimj,
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(c) gij = e
σp gij + p0 bibj + e
σp−1(biyj + bjyi) + e
σp−2 yi yj.
Proof. As an illustration, we prove (c) only.
gij = ∂˙j ∂˙i(
1
2
L
2
) = ∂˙i(f(e
σf1lj + f2bj))
= (eσf1li + f2bi)(e
σf1lj + f2bj) + f(e
σf1lij + e
σ(eσf11li + f12bi)lj)
+f(eσf12li + f22bi)bj
= eσp gij + e
σ[eσ(f 21 /L
2) + eσ(ff11/L
2)− (ff1/L
3)]yiyj + (f
2 + q0)bibj
+eσ[(f1f2/L) + (ff12/L)(biyj + bjyi)]
= eσp gij + p0bibj + e
σp−1(biyj + bjyi) + e
σp−2yiyj.
Lemma 1.2 helps us to compute the inverse metric gij of the metric gij.
Proposition 1.6. Under a generalized β-conformal change, the inverse metric gij of
the metric gij is given by:
gij = (e−σ/p)gij − s0b
ibj − s−1(y
ibj + yjbi)− s−2y
iyj,
where
s0 : = e
−σf 2q0/(εpL
2), s−1 := p−1f
2/(p εL2), s−2 := p−1(e
σm2pL2 − b2f 2)/(εpβL2),
ε := f 2(eσp+m2q0)/L
2 6= 0, m2 = gijmimj = m
imi.
Remark 1.7. The quantities s0 , s−1 and s−2 satisfy:
βs0 + L
2s−1 = q/ε,
b2s−1 + βs−2 = e
σp−1m
2/ε.
Proposition 1.8. Under a generalized β-conformal change, we have:
(a) The Cartan tensor Cijk is expressed in terms of Cijk as
C ijk = e
σpCijk + Vijk, (1.2)
(b) The (h)hv-torsion tensor C
l
ij is expressed in terms of C
l
ij as
C
l
ij = C
l
ij +M
l
ij , (1.3)
where
Vijk :=
eσp−1
2
(hijmk + hjkmi + hkimj) +
p02
2
mimjmk
and M lij :=
1
2p
[e−σml − pm2(s0b
l + s−1y
l)](eσp−1hij + p02mimj)
−eσ(s0b
l + s−1y
l)(pCisjb
s + p−1mimj)
+
p−1
2p
(hlimj + h
l
jmi);
hij = g
ilhlj.
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Proof. We prove (a) only. Differentiating gij (Proposition 1.5) with respect to y
k,
using Lemma 1.3, we have
2Cijk = 2e
σpCijk + e
σgijp−1mk + p02bibjmk + e
σp−1(bigjk + bjgik)
−eσ(biyj + bjyi).[e
−σ(β/L2)p02mk + (p−1/L)lk] + e
σp−2gikyj
+eσp−2yigjk + e
σyiyj[(e
−σ(β2/L4)p02 − (p−1/L
2))mk + (2β/L
3)lk]
= 2eσpCijk + e
σp−1(hijmk + hjkbi + hikbj) + p02mimjmk
−eσp−1(β/L)(hiklj + hjkli + 2liljlk) + 2e
σ(β/L)p−1liljlk
= 2eσpCijk + e
σp−1(hijmk + hjkmi + hkimj) + p02mimjmk.
The transformed Christoffel symbols of the Finsler space F
n
are given by
γijk =
1
2
gir(∂jgkr + ∂kgrj − ∂rgjk).
In view of Lemma 1.4 and the above expression, we get
Proposition 1.9. Under a generalized β-conformal change, the Christoffel symbols
γijk transform as follows:
γijk = γ
i
jk + g
ir
[
FrkQj + FrjQk + EjkQr −Θ(j,k,r)
{
Bjkb0|r + VjktN
t
r + (1/2)Kjkσr
}]
+(gim − eσpgim)Θ(j,k,m){CjkrN
r
m}, (1.4)
where
2Eij = bi|j + bj|i, 2Fij = bi|j − bj|i,
2Bij = e
σp−1hij + p02mimj ,
Qi = e
σp−1yi + p0bi,
Kij = A1gij + A2bibj + A3(biyj + bjyi) + A4yiyj,
A1 = e
σ(2p− βp−1), A2 = −βp02, A3 = e
σp−1 + (β
2/L2)p02 , A4 = e
σp−2 − (β
3/L4)p02,
Proof. After long but easy calculations, using Lemma 1.4, one can show that
∂jgkr = e
σp ∂jgkr + 2N
l
jVkrl + 2Bkrb0|j +Qrbk|j +Qkbr|j + p0(brblΓ
l
kj + blbkΓ
l
rj)
+ eσp−1((bryl + blyr)Γ
l
kj + (blyk + bkyl)Γ
l
rj) + e
σp−2(yrylΓ
l
kj + ykylΓ
l
rj) +Kkrσj .
The result follows from the above formula and the definition of γijk.
Propositions 1.5, 1.6, 1.8 and 1.9 constitute the main elementary entities, or
building blocks, of the geometry of the transformed space F
n
. As a result, we are
now in a position to construct the fundamental geometric objects of such geometry.
Firstly, the following result determines the change of the canonical spray and
Cartan nonlinear connection under a generalized β-conformal change.
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Theorem 1.10. Under a generalized β-conformal change, we have:
(a) The change of the canonical spray Gi is given by
G
i
= Gi +Di,
where
Di =
σ0
2p
{[2p− βp−1 − e
σp2L2s−2 − ps−1(2e
σpβ + eσp−1L
2m2)]yi − 2eσp2βs0b
i}
+
q
p
e−σF i0 −
1
2
L2σi +
1
2
(eσpE00 − 2qFβ0 + e
σpL2σβ)(s0b
i + s−1y
i); (1.5)
F i0 = Fjky
kgij, Fβ0 = Fr0b
r, σβ = σrb
r.
(b) The change of the Cartan nonlinear connection N ij is given by
N
i
j = N
i
j +D
i
j,
where
Dij =
e−σ
p
Aij − (s0b
i + s−1y
i)Arjb
r
−(qb0|j + e
σpL2σj)(s−1b
i + s−2y
i); (1.6)
Aij := E00Bij + Fi0Qj + qFij + Ej0Qi − 2(e
σpCsij + Vsij)D
s
+
1
2
σ0[2e
σpgij + 2e
σp−1mjyi − 2βBij + e
σp−1(biyj − bjyi)]
−
1
2
σi(e
σL2p−1mj + 2e
σpyj) +
1
2
σj(2e
σpyi + e
σL2p−1mi),
Aij = g
liAlj.
Proof.
(a) Using proposition 1.9 and the expression G
i
= 1
2
γijky
jyk, we get
G
i
= Gi +
1
2
gir[2qFr0 + E00Qr − e
σpL2σr + σ0(2e
σpyr + e
σL2p−1mr)] (1.7)
= Gi +
q
p
e−σF i0 −
1
2
L2σi +
1
2
(eσpE00 − 2qFβ0 + e
σpL2σβ)(s0b
i + s−1y
i)
−
σ0
2p
{2eσp2βs0b
i − [2p− p−1β − e
σp2L2s−2 − ps−1(2e
σpβ + eσp−1L
2m2)]yi}.
(b) Differentiating Di with respect to yj, we have
Dij := ∂˙jD
i =
1
2
∂˙j{g
ir[2qFr0 + E00Qr − e
σpL2σr + σ0(2e
σpyr + e
σL2p−1mr)]}
= gir{E00Brj + Fr0Qj + qFrj + Ej0Qr − 2(e
σpCsrj + Vsrj)D
s
+
1
2
σ0(2e
σpgjr + 2e
σp−1mjyr − 2βBjr + e
σp−1(bryj − bjyr))
−
1
2
σr(e
σL2p−1mj + 2e
σpLlj) +
1
2
σj(2e
σpyr + e
σL2p−1mr)}
=
e−σ
p
Aij − (s0b
i + s−1y
i)Arjb
r − (qb0|j + e
σpL2σj)(s−1b
i + s−2y
i).
This ends the proof.
8
As a direct consequence of the above theorem, the coefficients of the Berwald
connection BΓ of the transformed Finsler space F
n
can be computed as follows.
Theorem 1.11. Under a generalized β-conformal change, the coefficients of the
Berwald connection G
i
jk are given by
G
i
jk = G
i
jk +B
i
jk,
where Bijk := ∂˙kD
i
j.
Now, we are in a position to announce one of the main results of the present
paper. Namely,
Theorem 1.12. Under a generalized β-conformal change, the coefficients of the Car-
tan connection Γ
i
jk are given by
Γ
i
jk = Γ
i
jk +D
i
jk,
where
Dijk := [(e
−σ/p)gir − (s0b
i + s−1y
i)br − (s−1b
i + s−2y
i)yr][FrkQj + FrjQk + EjkQr
+
1
2
Θ(j,k,r){2e
σpCjkmD
m
r + 2VjkmD
m
r −Kjkσr − 2Bjkb0|r}]. (1.8)
Proof. To compute Γ
i
jk, we use Propositions 1.6, 1.8, 1.9 and Theorem 1.10:
Γ
i
jk = γ
i
jk + g
im(CjkrN
r
m − CmkrN
r
j − CjmrN
r
k)
= γijk + (g
im − eσpgim)(CjkrN
r
m − CkrmN
r
j − CjrmN
r
k) + g
ir(Bjrb0|k
+Bkrb0|j − Bjkb0|r + FrkQj + FrjQk + EjkQr +N
t
jVkrt +N
t
kVjrt −N
t
rVjkt)
+
1
2
gir(σkKjr + σjKkr − σrKjk) + g
im{(eσpCjkr + Vjkr)(N
r
m +D
r
m)
−(eσpCkrm + Vkrm)(N
r
j +D
r
j )− (e
σpCjmr + Vjmr)(N
r
k +D
r
k)}
= γijk + g
im(CjkrN
r
m − CkrmN
r
j − CjrmN
r
k ) + g
ir{Bjrb0|k +Bkrb0|j − Bjkb0|r
+FrkQj + FrjQk + EjkQr +
1
2
(σkKjr + σjKkr − σrKjk)
+eσpCjkmD
m
r + VjkmD
m
r − e
σpCrkmD
m
j − VrkmD
m
j − e
σpCrjmD
m
k − VrjmD
m
k }
= Γijk + [(e
−σ/p)gir − (s0b
i + s−1y
i)br − (s−1b
i + s−2y
i)yr][FrkQj + FrjQk + EjkQr
+
1
2
Θ(j,k,r){2e
σpCjkmD
m
r + 2VjkmD
m
r −Kjkσr − 2Bjkb0|r}].
This completes the proof.
Corollary 1.13. The tensor Dijk has the properties:
Dij0 = B
i
j0 = D
i
j, D
i
00 = 2D
i. (1.9)
In what follows we say that Ai, for example, is Cartan-parallel to mean that Ai
is parallel with respect to the horizontal covariant derivative of Cartan connection:
Ai|j = 0. Similarly, for the other connections existing in the space.
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Theorem 1.14. Under a generalized β-conformal change L → L = f(eσL, β), con-
sider the following two assertions:
(i) The covariant vector bi is Cartan-parallel.
(ii) The difference tensor Dijk vanishes identically.
Then, we have:
(a) If (i) and (ii) hold, then σ is homothetic.
(b) If σ is homothetic, then (i) and (ii) are equivalent.
Proof.
(a) If Dijk = 0, then, by (1.9), D
i = 0 (i.e, G
i
= Gi). Moreover, bj|k = 0 implies that
Fjk = Ejk = 0. Consequently, (1.7) reduces to
pL2σr − σ0(2pyr + L
2p−1mr) = 0.
Now, transvecting with yr, we get σ0 = 0. From which, the above equation implies
that σr = 0. That is, σ is homothetic.
(b) Let σ be homothetic and bj|k = 0. Then, D
i = 0, by (1.5). Consequently, Dijk = 0
by (1.8).
On the other hand, let σ be homothetic and Dijk = 0. Then, by (1.9), D
i = 0.
Hence, (1.5) reduces to
e−σq
p
F i0 +
1
2
(eσpE00 − 2qFβ0)(s0b
i + s−1y
i) = 0. (1.10)
Transvecting (1.10) with yi and since s0β + s−1L
2 6= 0 (by Remark 1.7), we get
eσpE00 − 2qFβ0 = 0. (1.11)
This, together with (1.10), imply that F i0 = 0. Consequently, E00 = 0, by (1.11).
Since Fij = ∂˙jFi0 and Ej0 = ∂˙jE00, then Fij = 0 and Ej0 = 0, which leads to
bi|0 = b0|i = 0. Consequently, 0 = D
i
jk = g
irEjkQr, by (1.8). Hence, EjkQr = 0 and
transvecting this with yr gives Ejk = 0. Then, the result follows from the definition
of Fjk and Ejk.
As a consequence of the above theorem, we have the following interesting special
cases.
Theorem 1.15.
(a) Let the generalized β-conformal change L → L = f(eσL, β) be a conformal change
(β = 0), then Dijk vanishes identically if and only if σ is homothetic.
(b) Let the generalized β-conformal change L → L = f(eσL, β) be a β-change
(σ = 0), then Diij vanishes identically if and only if bi is Cartan-parallel.
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A Finsler space F n = (M,L) is called a Berwald space if the Berwald connection
coefficients Gijk are function of the positional argument x
i only. As an immediate
consequence of Theorems 1.14 and 1.15, we have
Theorem 1.16. Consider a generalized β-conformal change L → L having the prop-
erties that bi(x) is Cartan-parallel and σ is homothetic. If the original space F
n is a
Berwald space, then so is the transformed space F
n
.
Corollary 1.17. Let the Finsler structure L on F n be Riemannian. Assume that
bi(x) is Riemann-parallel and σ is homothetic. Then, the transformed space F
n
is a
Berwald space.
It is to be noted that Theorem 1.14, Theorem 1.16 and Corollary 1.17 generalize
some of Shibata’s results [14] and Abed’s results [2].
We conclude this section with the following result which determines the coeffi-
cients of the fundamental linear connections in Finsler geometry.
Theorem 1.18. Under the generalized β-conformal change (1.1),
(a) the transformed Cartan connection has the form CΓ = (Γ
h
ij, N
h
i , C
h
ij),
(b) the transformed Chern connection has the form RΓ = (Γ
h
ij , N
h
i , 0),
(c) the transformed Hashiguchi connection has the form HΓ = (G
h
ij, N
h
i , C
h
ij),
(d) the transformed Berwald connection has the form BΓ = (G
h
ij, N
h
i , 0),
where the coefficients N
h
i , G
h
ij and Γ
h
ij are given by Theorem 1.10, Theorem 1.11 and
Theorem 1.12 respectively, whereas the components C
h
ij are given by Proposition 1.8.
2. Change of the torsion and curvature tensors
In this section, we consider how the torsion and curvature tensors transform
under the generalized β-conformal change (1.1).
For an arbitrary Finsler connection FΓ = (Fijk,N
i
j,C
i
jk) on the space F
n, the
(h)h-, (h)hv-, (v)h-, (v)hv- and (v)v-torsion tensors of FΓ are respectively given
by [5]:
Tijk = F
i
jk − F
i
kj,
Cijk = the connection parameters C
i
jk,
Rijk = δkN
i
j − δjN
i
k,
Pijk = ∂˙kN
i
j − F
i
jk,
Sijk = C
i
jk −C
i
kj.
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The h-, hv- and v-curvature tensors of FΓ are respectively given by [5]:
Rihjk = A(j,k){δkF
i
hj + F
m
hjF
i
mk}+C
i
hmR
m
jk,
Pihjk = ∂˙kF
i
hj −C
i
hk|j +C
i
hmP
m
jk,
Sihjk = A(j,k){∂˙kC
i
hj +C
m
hkC
i
mj}.
The next table provides a comparison concerning the four fundamental linear
connections and their associated torsion and curvature tensors. The explicit expres-
sions of such tensors, under a generalized β-conformal change, will be given just after
the table. It should be noted that the geometric objects associated with Chern con-
nection, Hashiguchi connection and Berwald connection will be marked by ⋆, ∗ and
◦ respectively. For Cartan connection no special symbol is assigned.
Table 1: Fundamental linear connections
Cartan Chern Hashiguchi Berwald
(Fhij ,N
h
i ,C
h
ij) (Γ
h
ij, N
h
i , C
h
ij) (Γ
h
ij , N
h
i , 0) (G
h
ij , N
h
i , C
h
ij) (G
h
ij , N
h
i , 0)
C
on
n
ec
ti
on
s
(h)h-tors. Tijk 0 0 0 0
(h)hv-tors. Cijk C
i
jk 0 C
i
jk 0
T
or
si
on
s
(v)h-tors. Rijk R
i
jk
⋆
Rijk = R
i
jk
∗
Rijk = R
i
jk
◦
Rijk = R
i
jk
(v)hv-tors. Pijk P
i
jk = C
i
jk|0
⋆
P ijk = P
i
jk 0 0
(v)v-tors. Sijk 0 0 0 0
h-curv. Rhijk R
h
ijk
⋆
Rhijk
∗
Rhijk
◦
Rhijk
hv-curv. Phijk P
h
ijk
⋆
P hijk
∗
P hijk
◦
P hijk
C
u
rv
at
u
re
s
v-curv. Shijk S
h
ijk 0
∗
Shijk = S
h
ijk 0
h-cov. der. Ki
j|k K
i
j
⋆
|k
= Ki
j|k K
i
j
∗
|k
Ki
j
◦
|k
= Ki
j
∗
|k
v-cov. der. Kij |k K
i
j
⋆
|k= ∂˙kK
i
j K
i
j
∗
|k= K
i
j|k K
i
j
◦
|k= ∂˙kK
i
jC
ov
ar
ia
n
t
d
er
iv
at
iv
es
It is to be noted that the explicit expressions of the geometric objects of the
above table can be found in [5].
Now, by Theorem 1.18, one can prove the following
Theorem 2.1. Under a generalized β-conformal change, the torsion and curvature
tensors of Cartan, Chern, Hashiguchi and Berwald connections, are given by:
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(a) For Cartan connection, we have
C
i
jk = C
i
jk +M
i
jk,
R
i
jk = R
i
jk + A(j,k){D
i
j|k − (B
i
jr + P
i
jr)D
r
k},
P
i
jk = P
i
jk −D
i
jk +B
i
jk,
R
i
hjk = R
i
hjk + 2S
i
hrtD
r
jD
t
k +M
i
htR
t
jk − A(j,k){A
i
hj|k − A
i
hjtD
t
k
+DitjD
t
hk + P
i
hjtD
t
k +M
i
rhP
r
jtD
t
k −M
i
thD
t
j|k +M
i
htB
t
jrD
r
k},
P
i
hjk = P
i
hjk − 2S
i
thkD
t
j − A
i
hjk + C
i
tkD
t
hj − C
t
hkD
i
tj +M
i
thP
t
jk + A
i
jtM
t
hk
−M itkA
t
hj −M
i
hk|j +M
i
thB
t
jk +M
i
tkhD
t
j + C
i
rhM
r
ktD
t
j −M
i
hrC
r
tkD
t
j ,
S
i
hjk = S
i
hjk + A(j,k){C
t
hkM
i
tj − C
i
tkM
t
hj −M
i
tkM
t
hj},
where Aijk = −D
i
jk − C
i
jtD
t
k, A
i
jkh = ∂˙hA
i
jk and M
i
jkh = ∂˙hM
i
jk.
(b) For Chern Connection, we have
⋆
Rijk = R
i
jk + A(j,k){D
i
j|k − (B
i
jr + P
i
jr)D
r
k},
⋆
P ijk = P
i
jk −D
i
jk +B
i
jk,
⋆
Rihjk =
⋆
Rihjk + A(j,k){D
i
hj|k −D
i
hjtD
t
k −D
i
tjD
t
hk −
⋆
P ihjtD
t
k},
⋆
P ihjk =
⋆
P ihjk +D
i
hjk,
where Dijkh = ∂˙hD
i
jk.
(c) For Hashiguchi connection, we have
∗
C ijk = C
i
jk +M
i
jk,
∗
Rijk = R
i
jk + A(j,k){D
i
j
∗
|k
−BijrD
r
k},
∗
Rihjk =
∗
Rihjk + 2
∗
SihrtD
r
jD
t
k +M
i
ht
∗
Rtjk − A(j,k){H
i
hj
∗
|k
− (∂˙tH
i
hj)D
t
k
+DitjD
t
hk +
∗
P ihjtD
t
k −M
i
thD
t
j
∗
|k
+M ihtB
t
jrD
r
k},
∗
P ihjk =
∗
P ihjk − 2
∗
SithkD
t
j − ∂˙kH
i
hj + C
i
tkD
t
hj − C
t
hkD
i
tj +H
i
jtM
t
hk −M
i
tkH
t
hj −M
i
hk
∗
|j
+M ithB
t
jk +M
i
kthD
t
j + C
i
rhM
r
ktD
t
j −M
i
hrC
r
tkD
t
j
∗
Sihjk = S
i
hjk + A(j,k){C
t
hkM
i
tj − C
i
tkM
t
hj −M
i
tkM
t
hj},
where H ijk = −B
i
jk − C
i
jtD
t
k.
(d) For Berwald connection, we have
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◦
Rijk = R
i
jk + A(j,k){D
i
j
◦
|k
−BijrD
r
k},
◦
Rihjk =
◦
Rihjk − A(j,k){B
i
hj
◦
|k
−BihjtD
t
k +D
i
tjD
t
hk +
◦
P ihjtD
t
k},
◦
P ihjk =
◦
P ihjk +B
i
hjk,
where Bijkh = ∂˙hB
i
jk.
Corollary 2.2. Under a generalized β-conformal change, for which the covariant
vector field bi is Cartan-parallel and σ is homothetic, we have:
(a) The torsion and curvature tensors of Chern connection are invariant.
(b) The torsion and curvature tensors of Berwald connection are invariant.
(c) For Cartan connection, Rijk and P
i
jk are invariant and
C
i
jk = C
i
jk +M
i
jk,
R
i
hjk = R
i
hjk +M
i
htR
t
jk,
P
i
hjk = P
i
hjk +M
i
thP
t
jk −M
i
hk|j,
S
i
hjk = S
i
hjk + A(j,k){C
t
hkM
i
tj − C
i
tkM
t
hj −M
i
tkM
t
hj}.
(d) For Hashiguchi connection,
∗
Rijk is invariant and
∗
C ijk = C
i
jk +M
i
jk,
∗
Rihjk =
∗
Rihjk +M
i
ht
∗
Rtjk,
∗
P ihjk =
∗
P ihjk −M
i
hk
∗
|j
,
∗
Sihjk =
∗
Sihjk + A(j,k){C
t
hkM
i
tj − C
i
tkM
t
hj −M
i
tkM
t
hj}.
A Finsler space F n is called a Landesberg space if the hv-curvature tensor P ihjk
of CΓ vanishes, or equivalently P ijk = 0.
By Corollary 2.2, P ijk is invariant under a generalized β-conformal change for
which bi is Cartan-parallel and σ is homothetic. Hence, we have the following
Theorem 2.3. A Landesberg space remains Landesberg under a generalized β-conformal
change if bi is Cartan-parallel and σ is homothetic.
By the above theorem and the fact that the hv-curvature tensor P ihjk of a Rie-
mannian space vanishes identically, we have
Corollary 2.4. Under a generalized β-conformal change, a Riemannian space F n is
transformed to a Landesberg space F
n
if bi is Riemann-parallel and σ is homothetic.
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A Finsler space F n is called locally Minkowskian if F n is a Berwald space and
the h-curvature tensor Rihjk vanishes.
Theorem 2.5. Assume that the covariant vector bi(x) is Cartan-parallel and σ is
homothetic. If F n is locally Minkowskian, then so is the space F
n
.
Proof.
We prove firstly that if the covariant vector bi(x) is Cartan-parallel and the
change is homothetic, then R
i
hjk vanishes if and only if R
i
hjk vanishes. By Corollary
2.2, R
i
hjk = R
i
hjk+M
i
hmR
m
jk. If R
i
hjk = 0, then R
i
jk=0 and hence R
i
hjk = 0. Conversely,
if R
i
hjk = 0, then R
i
hjk +M
i
htR
t
jk = 0. By transvection with y
h, we obtain Rijk = 0
and hence Rihjk = 0.
Now, the result follows from the above fact and Theorem 1.16.
Theorem 2.6. Under a generalized β-conformal change, a Riemannian space F n is
transformed to a locally Minkowskian space F
n
if bi is Riemann-parallel, σ is homo-
thetic and Rihjk vanishes.
Proof.
Follows directly from Corollary 1.17.
It is to be noted that Theorem 2.3, Corollary 2.4, Theorem 2.5 and Theorem 2.6
generalize various results of Shibata [14].
3. Concluding remarks
In this paper, we have introduced a generalized change, which combines both β-
change and conformal change in a general setting. We have refered to this change as a
generalized β-conformal change. Many of the known Finsler changes in the literatures
may be obtained from the generalized β-conformal change as special cases.
We will mention some interesting special cases. In these special cases, we restrict
ourselves to the difference tensor Dijk only.
• When the generalized β-conformal change (1.1) is a β-change: L = f(L, β), the
difference tensor (1.8) takes the form:
Dijk = {(1/p)g
ir − (s0b
i + s−1y
i)br − (s−1b
i + s−2y
i)yr}{Bjrb0|k +Bkrb0|j
−Bjkb0|r + FrkQj + FrjQk + EjkQr + pCjkmD
m
r + VjkmD
m
r
−pCrkmD
m
j − VrkmD
m
j − pCrjmD
m
k − VrjmD
m
k }.
This is the case studied by Shibata [14].
• When the generalized β-conformal change (1.1) is a β-conformal change: L =
eσL+ β, the difference tensor (1.8) takes the form:
Dijk = [τ
−1gir − (1/Lτ)(yibr + yrbi) + µlilr][FrkQj + FrjQk + EjkQr
+(1/2)Θ(j,k,r){2τCjkmD
m
r + 2VjkmD
m
r −Kjkσr − (e
σ/L)hjkb0|r}],
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where τ := eσ L
L
and µ := L
τL
2 (Lb2 + βeσ).
This is the case studied by Abed [2].
•When the generalized β-conformal change (1.1) is a generalized Randers change:
L = L+ β, with L Finslerian, the difference tensor (1.8) takes the form:
Dijk = [τ
−1gir −
1
Lτ
(yibr + yrbi) + µlilr][FrkQj + FrjQk + EjkQr
+(1/2)Θ(j,k,r){2τCjkmD
m
r + 2VjkmD
m
r − (1/L)hjkb0|r}],
This is the case studied by Matsumoto [10], Tamim and Youssef [16] and others.
•When the generalized β-conformal change (1.1) is a Kropina change: L = L2/β,
with L Riemannaian, the difference tensor (1.8) takes the form:
Dijk =
1
2L4b2β3
[
L2b2gir − (L2bi − 2βyi)br + 2(m2yi + βmi)yr
]
.[βL2
(
Frk(3L
2bj − 4βyj) + Frj(3L
2bk − 4βyk) + Ejk(3L
2br − 4βyr)
)
+(1/2)Θ(j,k,r){2β
5VjkmD
m
r + 4L
2(β2hjk + 3L
2mjmk)b0|r}].
This is the case studied by Kropina [8], Matsumoto [9], Shibata [13] and others.
•When the generalized β-conformal change (1.1) is a conformal change: L = eσL,
the difference tensor (1.8) takes the form:
Dijk = σjδ
i
k + σkδ
i
j − σ
igjk + yjC
i
kmσ
m + ykC
i
jmσ
m − yiCjkmσ
m − σ0C
i
jk
+L2(CjkmC
mi
r σ
r − C ikmC
m
jrσ
r − C ijmC
m
krσ
r).
This is the case studied by Hashiguchi [5], Izumi [7], Youssef et al. [18] and others.
• When the generalized β-conformal change (1.1) is a C-conformal (resp. h-
conformal) change: L = eσL, with σ enjoying the property that C ijkσi = 0 (resp.
C ijkσi =
1
n−1
C iσihjk), the difference tensor (1.8) takes the form:
Dijk = σjδ
i
k + σkδ
i
j − σ
igjk − σ0C
i
jk.
(resp. Dijk = σjδ
i
k+σkδ
i
j −σ
igjk−σ0C
i
jk+
1
n− 1
Crσr(yjh
i
k+ykh
i
j−y
ihjk−L
2C ijk)).
This is the case studied by Hashiguchi [5] (resp. Izumi [7]).
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